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GENERAL WIENER-HOPF OPERATORS
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ALLEN DEVINATZ AND MARVIN SHINBROT(?)

1. Introduction. Let L2? be the usual Lebesgue space with respect to Haar
measure on the circle group and H? the Hardy space of elements of L? whose
Fourier coefficients vanish on the negative integers. Let a(f) be a bounded,
measurable, complex-valued function on the circle group and A the operator on
L? defined by

(1D (Af)(O) = a(0)1(0).

Finally, let P denote orthogonal projection of L? onto H2. What is usually called
a Toeplitz operator or a Wiener-Hopf operator is

(1.2) To(A) = PA|H?,

or any of a number of operators equivalent to (1.2).

Let $ be any Hilbert space and B any closed, linear subspace of . If 4 is any
bounded operator on § and P is orthogonal projection on B, an obvious generaliza-
tion of (1.2) is

(1.3) Tp(4) = PA|B.

We call any operator of the form (1.3) a Wiener-Hopf operator or, indifferently, a
Toeplitz operator. When we wish to emphasize that we are discussing (1.3) with no
restriction on P or on A4, we call (1.3) a general Wiener-Hopf operator. To dis-
tinguish the special case (1.2), we call it the special Wiener-Hopf operator.

There is a large literature on questions relating to the invertibility of the special
Wiener-Hopf operator. It turns out that many of the most important results proved
in the literature can be extended to apply also to general Wiener-Hopf operators.
This was exploited by Shinbrot in [12] and [13] when 4 is a positive operator. It is
our purpose in this paper to continue the analysis begun in [12] and [13], omitting
the hypothesis that A4 is positive. To see the type of result we are able to get at, we
state here a necessary and sufficient condition for the invertibility of Tp(A) due to
Devinatz ([3]; but see also [17]). Let H* denote the set of all essentially bounded
elements of H2. Then, the result of [3] that we have in mind is this. Suppose that

(1.4) ess inf |a(6)| > 0.

Received by the editors November 1, 1968 and, in revised form, May 8, 1969.
(') The first author is supported by NSF Grant GP-7638, the second by NSF Grant
GP-8936.
Copyright © 1969, American Mathematical Society

467



468 ALLEN DEVINATZ AND MARVIN SHINBROT [November

Then, the special Wiener-Hopf operator Te(A) is invertible if and only if there exists
an he H> such that 1/he H*® and

(1.5) Re [a(Oh(O)] 2 8 >0 ae.

This theorem should be compared with the following result proved in §2 below.
Suppose that A is an invertible operator on 9. Then, the general Wiener-Hopf
operator Tp(A) is invertible if and only if there exists a bounded, invertible operator H
taking B onto itself such that

(1.6) Re (4Hf, f) z 8| f]?
forall fe 9.

The relation between the two theorems is clear. For the special Wiener-Hopf
operator, the condition that 4 be invertible is equivalent to (1.4). If, moreover, we

identify H with the operator
(L7 (Hf)(0) = h(0)£(9),

then the conditions that # and 1/h be in H® mean that H is invertible and takes P
onto itself. Finally, in this case, it is easy to see that (1.5) and (1.6) are equivalent.

Thus our theorem is indeed an extension of the quoted theorem of Devinatz.
In one respect, however, our result is less precise than Devinatz’s. In our theorem,
we prove the existence of an operator H having certain properties, while Devinatz
proves the existence of a function h which, ex machina, we identified with H via
(1.7). The point is not that we expect H to have the form (1.7) in all cases. Indeed,
in general, this form does not make sense, and even when it does, it is in general
not true that the operator H will have the form (1.7). This special form of H seems
to depend on the special structure of H2 and it would be most interesting to be able
to abstract just those properties of H2 which will yield the special result. However,
it should be pointed out that for most applications, the sharper form of H for H?
spaces does not yield anything better than the abstract version of the theorem.
Indeed, since our methods of proof are constructive, we are in one instance able
to get results which it does not seem possible to obtain by the nonconstructive
methods used in the proof of the theorem for the special Wiener-Hopf operators.
We shall say more about this later.

Very recently, H. R. Pousson [9] extended the theorem of Devinatz to the case
where a(0) is a finite matrix valued function, and M. Rabindranathan [10] extended
it to the case where a(f) is a bounded, operator-valued function on a separable
Hilbert space. We shall have more to say about the results of these authors in the
last section of the paper. In §2, we generalize these results to the abstract context.

To return to our discussion of Devinatz’s theorem, the result of [3] is actually
better than we have indicated, for the condition (1.4) need not be built into the
hypothesis of the theorem. Indeed, it is shown in [3] that, (1.4) and (1.5) are
necessary as well as sufficient for the invertibility of Tp(A). Now, in the general
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context, (1.4) is equivalent to the invertibility of 4. However, easy examples show
that in general 4 need not be invertible when Tr(A4) is invertible. However, since
this is the case for the special Wiener-Hopf operator, and since our purpose here
is to explore abstract generalizations of theorems valid for the special Wiener-Hopf
operator, in §3 we consider an abstract situation in which the invertibility of Tp(A4)
implies that of 4. We then show that when A=A and P=P, our abstract result
implies (1.4). In addition, §3 contains an extension to general Wiener-Hopf
operators of the so-called Hartman-Wintner spectral inclusion theorem.

Although we have used the names Wiener and Hopf many times, we have not
yet pointed out their main contribution. In a context equivalent to that of Tp(A),
they showed [15] that the function a(6) could be factored into a product of a
function analytic in the unit disk and another function conjugate analytic in the
disk. By using these factors, they were able to find a formula for [Tp(A)] 1. The
method for solving the equation

(1.8) Te(A)f=¢g

implied by their formula has become known as the Wiener-Hopf method.
In the general context, we can say that

(1.9) Te(A)f =g

can be solved by a Wiener-Hopf method if 4 can be factored in a certain way that
allows (1.9) to be solved analogously to (1.8). In §4, we prove the remarkable
result that (1.9) can be solved by a Wiener-Hopf method if and only if Tp(A4) is
invertible.

The proof of the main theorem in §4 is in principle constructive. We utilize this
fact in §5 to derive a closed form for the solution of (1.9) assuming that A4 satisfies

Re (4f,f) z 8| f|?, & >0.

If 4 does not have this property, a technical difficulty arises in the formula for the
solution. We also discuss this matter in §5.

From the point of view of applications, one of the most important Wiener-Hopf
operators is the operator

(1.10) [To(A)f1(x) = f kGe—)f(y) dy,

defined on L%(a, b). Here, $=L%*—o0, ), A4 is the simple operator
N = [~ kx-n1m dy,

and P is the projection onto functions zero outside (a, b) defined by

(Px) = fx), a<x<b,

=0, otherwise.
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When a=0 and b=oc0, (1.10) is equivalent to the special Wiener-Hopf operator.
To see this, one has only to note that by taking Fourier transforms, 4 becomes the
operator of multiplication by the Fourier transform of k, while P becomes pro-
jection on the functions analytic in the upper half-plane and in L? on horizontal
lines. Mapping the upper half-plane onto the unit disk conformally by means of
the Cayley transformation preserves the fact that 4 is multiplication by a complex
valued function and takes P into P. Thus, following these two transformations,
Tp(A) (with a=0, b=c0) becomes Tp(A).

A very interesting result associated with the special equation (1.10) is the so-
called Baxter ““finite section” theorem [1]. (See also Reich [11].) This theorem says
roughly that (1.10) is invertible for b—a large enough if it is invertible for a=0,
b=o00. In §6, we prove an abstract version of this result, derive a set of conditions
under which the result of §6 is automatically valid, and then apply this result to the
finite section operator associated with (1.2) as well as to (1.10).

Finally, some remarks on terminology and notation. In the sequel, § is always
used to denote a Hilbert space. The scalar product and norm in $ are denoted by
(-, -) and |- ||, respectively. 4 is always used to denote a bounded, linear operator
on 9. Pis used to denote an orthogonal projection; its range is consistently denoted
by B. We will always take Q=7—P and O=%P*. To avoid trivial complications,
we always assume that B is neither {0} nor 9. It is convenient to change the usual
notation and to denote the adjoint of 4 by A4, rather than 4*, and this is done in
all that follows. The symbol T(A) is always used for the operator (1.3).

L? is always used to denote the usual Lebesgue space with respect to Haar
measure, normalized to unity. H? is the space defined before. Without further
mention, we write P for orthogonal projection of L? onto H2, and we write A for
the operator defined in (1.1).

An operator A4 is called invertible if it is one-to-one and onto 9. Tp(A) is invertible
if it is one-to-one and onto ‘B.

2. Invertibility of 7-(4). In this section, we derive a number of results relating
to the invertibility of general Toeplitz operators. The most important of these is
probably Theorem 3 below which states that Tp(A4) is invertible if and only if 4
can be transformed in a specific way into an operator with positive real part.

We begin by defining the functional (recall &.=+).

pe(4) = sup{|(4p,q)| : pe B, g€, |4p| = |q| = 1}.
We can then state
THEOREM 1. Let To(A) be a general Toeplitz operator. Necessary and sufficient
conditions that Tz(A) be invertible are:
(i) A|B has a bounded inverse;
(i) Ax«|B has a bounded inverse;
(i) pp(4)<1;
(iix) pr(4)<1.
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Proof. Suppose first that Tx(A4) is invertible. Then, there exists an m>0 such
that for every p € B,

m|pl = |T(A)p| = || 4pl,

which gives the condition (i).

To derive condition (ii), note first of all that by its definition, pp(4) < 1. Suppose
pp(4)=1. Then for every >0 there exists a p € B with |4p| =1 and a g € © with
lgl=1 such that

1Q4p| = sup{|(4p,q)| : ' €D, |¢'| = 1}
z |(4p, 9)|
2 1l—e
Hence,
1= |4p|?
|PAp|*+] Q4p|?

= |
2 |PAp|2+(1—¢)2

Thus, we get
m| p|?

Now,
1= |4p| = |4]-rl,
which implies || p| 2 1/| 4. Taking
e < mf(2]A4]?),
we have a contradiction. This proves (ii).
It is a simple exercise to verify that [Tp(4)]=Tp(A4). Thus, Tp(A4) invertible
implies 7T5(4,) invertible, and the same reasoning as before gives (i,) and (ii,).

Conversely, suppose conditions (i), (i), (i), and (ii,) are satisfied. By (ii), there
exists a >0 such that for every p € B we have

194p| = sup {|(4p,q)| : g2, g = 1}

= (1-9)|4p|.
Consequently,
(1-9)|4p| 2 | 24p|
= |(I—P)4p|
2 || 4p| - | P4pl,

or |Tp(A)p| = 8| Ap|. By (i), there is a constant m>0 such that |4p| =m|p| for
every p € 8. Therefore,

(CRY) |Te(A)p| 2 m3] pl,

and T5(A) is one-to-one and has a closed range.
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We proved (2.1) using (i) and (ii). In the same way, using (i,) and (iiy), we can
show that T»(4,) is bounded below, so that Tp(A4,) is also one-to-one. Since the
range of T5(A) is the orthogonal complement of the nullspace of [Tp(A4)]«=Tp(A44),
it follows that the range of T(A) is all of B. Thus, Tx(A) is invertible.

We need Theorem 1 in the particularly simple form it takes when A is unitary.
We state this form of the theorem as

COROLLARY 1. Let U be a unitary operator on 9. Necessary and sufficient con-
ditions that Tp(U) be invertible are:

(i) |QUP|<1;

@(iv) |PUQ| <1.
Consequently, To(U) is invertible if and only if To(U) is invertible.

Proof. We apply Theorem 1 with 4=U. Conditions (i) and (i,) are automatic
since U is unitary. Also, and again since U is unitary, pp(U)=| QUP|, so that (ii)
is equivalent to (iii). Next, pp(U,) =] QUsP| = |(QU+P)«| =||PUQ]|, so that (iiy)
is equivalent to (iv). This proves the first part of the corollary.

To prove the second part, we note that conditions (iii) and (iv) are symmetric
in P and Q, so that the invertibility of T-(U) and To(U) must be equivalent.

A less immediate result on the invertibility of Toeplitz operators associated with
a unitary operator is (see [9] and [10])

THEOREM 2. Let U be a unitary operator on 9. The operator Tp(U) is invertible
if and only if there exists a bounded, invertible operator G on 9 that takes B onto
itself and such that

|lU-G| < 1.
Proof. Suppose Tr(U) is invertible. Set
G = PUP+QUQ.

By the last sentence of Corollary 1, G may be considered to be the direct sum of
two invertible operators and so is itself invertible. Moreover, Corollary 1 shows
that for some 6>0

loup| < 1-35,  |PUQ| < 1-8.
G clearly takes 8 and £ onto themselves. Thus, if p € B and g € 2, we have

(U-G)p, (U-G)q) = —(Up, Gg)—(Gp, Ug)
= —(Up, QUq)—(PUp, Ug)
(2.2 = —(QUp, Uq)—(PUp, Uq)
= —(Up, Ugq)
=0.
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Suppose fe 9, |f|=1. Write f=p+q, where pe B, ge Q. (2.2) shows that
(U—-G)p is orthogonal to (U— G)q. Therefore,

I(T-&)f|? = I(U-Gp+(U-G)q|?
= [(U-Gp|*+[(U-G)q|?
= | QUp|*+|PUg|?
< (1-82(|pl*+ gl
= (1-8?|fI>
This means that |U—-G| <1.
Conversely, suppose G is an invertible operator taking 8 onto itself and such
that |U— G| <1. Since U is unitary, we have

ITp()~Te(UsG)| < [[I-ULG|
= |U-G]|
<1
Since Tx(I) is just the identity on B, it follows that Tz(U,G) is invertible. Since G
takes B onto itself,
Tp(UsG) = To(U)TH(G).

Since Tp(G) is invertible, it follows that Tr(U,) is invertible. So, then, is Tp(U).
It should be noted that, according to the construction of G in the above proof,
not only does G have B as an invariant subspace, but both P and £ reduce G.
The following proposition was obtained by Pousson [9] and Rabindranathan
[10] for H? spaces. The proof we give follows that of Pousson.

LeEMMA 1. Let A be invertible. Then, it can be factored in the form A= UB, where
U is unitary and B is an invertible operator taking B onto itself. Tz(A) is invertible
if and only if the corresponding operator Tp(U) is invertible.

Proof. A,A is a bounded, positive operator with a bounded universe. Hence,
by a theorem of Shinbrot [12], we can factor 4,4 in the form

A4A = B.B,
where B is invertible and takes B onto itself and B, takes £ onto itself. Thus, we
have 4= UB, where U=A4;'B,. We have
UU, = A3'ByBA~*
= Afld, A4
=TI
A similar calculation shows that U, U=1I. Therefore, U is unitary.
To prove the last sentence of the lemma, we notice that since  is an invariant
subspace of B,
T, p(A) =T, P(U )T P(B),
while Tp(B) is invertible.
Notice that Lemma 1 gives the following abstract version of a theorem of
Beurling [2] about factorization into inner and outer factors.
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COROLLARY 2. Let A be invertible and map B into itself. Then A= UB, where U
is unitary and takes B into itself, while B is invertible and takes B onto itself.

Corollary 2 is not the complete abstract version of Beurling’s theorem because
of the hypothesis we make that 4 is bounded. It is possible to extend the corollary
to include the operator (1.1) with a(6) € H? (which is the hypothesis of Beurling’s
theorem) but we do not do so here since this would take us out of our basic frame-
work of bounded operators.

There are a number of possible proofs of the next result; we give one that
depends on Lemma 1.

COROLLARY 3. Suppose A is invertible. Then Tp(A) is invertible if and only if
To(A™?Y) is invertible. Further,

ITo(A=H172] = 2] 4P| [Te(D] ]

Proof. We may write A=UB, where B is invertible and takes P onto itself.
As a consequence (or, by the result in [12]), B, takes £ onto itself. Since Tp(A4)
is invertible, so is Tp(U).

Now write Ax1=UBj3!. Then

To(A5") = To(U)To(Bx?).

Since U is unitary and Tp(U) is invertible, Corollary 1 shows that To(U)is invertible.
Hence, To(A5Y) and [To(AxY]«=To(4") are invertible. By interchanging the
roles of P and Q and of 4 and A~?, we get the converse statement.

Suppose now that |[T5(4)]~ || £m. Using the decomposition 4 = UB, we obtain
for every p € B,

IT(U)Bp| ITe(A)p|

1 -1
— |B18p]

[\

@3

v

1
I | Bp.

Since Bp varies over all of B as p varies over B, (2.3) gives a bound for || [TR(U)]~2|.
By Theorem 1, pp(U)=1—6 where §>0. Thus it follows that for every £¢>0
there exists a p € P with | p| =1 such that | QUp| 2 1 — 8—e. Consequently,

1=|Up|*
= |PUp|>+ | QUp|?
2 |PUp|2+(1—-8—¢).
Thus,
1/(m*|4]?) = |PUp|® < 2(3+e),
from which we get 8= 1/(2m?|| 4| ?). By the proof of Theorem 1, on the other hand,

ITo(]7?| = 1/8 = 2m?| 4],
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Now use the decomposition A3 1= UB;. We get

ITo(4~D172 = |[To(4xD]17
S [[TeB O~ - | [To(U)] .
But

I[Te(Bx D17 = Bl = 4],

and this gives the final result.
We shall say that an operator A has strongly positive real part if there exists a
8>0 such that

Re (4f.1) 2 8| f]?
for all fe $.

LEMMA 2. If A has strongly positive real part, then Tp(A) is invertible.
Proof. Let pe B, || p|=1. Then

ITe(A)p| 2 [(Te(4)p; p)|
24 = |(4p, p)|
23,
by hypothesis. Similarly,
>
(2.5) "TP(A*)P" : IS(A*P’ P)l

The inequalities (2.4) and (2.5) are equivalent to the invertibility of Tp(4).

THEOREM 3. Let A be invertible. Then, Tx(A) is invertible if and only if there
exists a bounded, invertible operator H taking B onto itself such that AH has strongly
positive real part.

Proof. A is invertible. Therefore, A, is invertible. Applying Lemma 1 to A,,
we find that' 4, = UB, where U is unitary and B is an invertible operator taking B
onto itself. Let Tp(4) be invertible. By Lemma 1 (applied to Tp(44)), Te(U) is
invertible, and so by Theorem 2 there exists a bounded, invertible operator G on
9 taking B onto itself and such that

IU-G| =1-%, x>0
Consequently,

(U-0)f, (U-6G)f) = A-)|f]?
for every f€ . Expanding, we find that
(G U+ UGS, 1) 2 0l fI?
or, in other words, G, U+ U,G 2 1. From this, we get
B(Go U+ UyG)B 2 1ByB = nAA,,

the last equality following from the construction in the proof of Lemma 1.
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Let H=GB. Then, we have
H,UB+ B, UyH = 1AA,.

Since A A, is strongly positive, this inequality shows that B,U,H= AH has strongly
positive real part. Further, H is invertible and takes B onto itself, since both G
and B have these properties. This proves the necessity.

Conversely, suppose there exists an operator H satisfying the conditions of the
theorem. By Lemma 2, Tr(4H) is then invertible. But Tp(4H)=Tp(4)Ts(H), and
since T»(H) is invertible, so is Tp(A).

COROLLARY 4. Let A be invertible. Let H be the operator constructed in Theorem
3. The constant 8 occurring in the inequality Re (AHf, )= 8| f||? can be taken to be
J— 1 .
24P AT PNTRAIH

Proof. If we write A= UB, then Theorem 1 shows that pp(U)=1-—17, n>0. The
proof of Corollary 3 shows that we may take

_ 1
1T AP AT T

From the proof of Theorem 3, the constant § can be chosen to be n/|4~*|2. The
corollary follows.

8

3. Invertibility of 4. Our main purpose in this paper is to discuss invertibility
conditions for Tp(A4) when A is invertible. But we shall digress here to discuss the
related question of the invertibility of A given that Tx(4) is invertible. Generally,
it is not true that if Tp(A) is invertible then A itself is invertible. For example, we
may take A to be the identity operator on B and the zero operator on £. This
operator A is clearly not invertible, but Tp(A) is just the identity on P and so is
invertible. In the case of the special Wiener-Hopf operator Tp(A), however, it is
known that the invertibility of Tp(A) implies that of A [3] and [6]. This comes
about, of course, because of the special nature of the operator A. However, an
appropriate abstract version of this fact also exists; it has as an immediate conse-
quence the result just described for the special Wiener-Hopf operator.

THEOREM 4. Let & be a collection of operators on  with the following properties:

(V) there exist two positive numbers m and M such that for every S € & and for
every f€ 9,

m|f| < ISf] = M|fl;

(vi) every element of & commutes with A and with A,;

(vii) the set {Sp : S€ ¥, pe B} is dense in 9.
Then A is invertible if Tp(A) is invertible.

If, in addition to (v), (vi), and (vii), we have

(viii) all elements of & are unitary operators, then,

ITx(4)] = [4].
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Proof. If S e ¥ let S~ denote the left inverse of S. Then we have
A/M)|f| = IS~ = A/m)| f1,

for every fin the domain of S ~!. From Theorem 1 we get the existence of a §>0
such that for every p € B, |4p| 28| p|. Thus we have, for every S € & and every
PE®B,

(1/m)| ASp|| = (1/m)| S4p]|
ISs=1S4p|
3]s 1Sp|
(8/M)| Sp|.

From this inequality and the hypothesis (vii) it follows that A is one-to-one and
has a closed range. The same argument applied to 4, shows that 4, is one-to-one,
so that A4 is onto. Therefore, A is invertible.

Now, suppose that (viii) holds. Then

ITp(4)| = sup {|(Te(A)p, p)| : p, 0" €B, |2 = |2l = 1}
sup {[(4Sp, Sp)| : Se L p,p' B, |pl| = P =1}
= | 4].

v v v

This completes the proof of Theorem 4.
We denote the spectrum of 4 by o(A4). Then we have

COROLLARY 5. If there exists a family & with the properties (v), (vi), and (vii),
then

o(4) < o(Tp(4)).

Corollary 5 follows by applying Theorem 4 to the operator AI— A instead of 4
with A in the resolvent set of Tp(A).

COROLLARY 6. We have o(A)<o(Tp(A)). Also, |A||=|Te(A)].

Corollary 6 follows from Theorem 4 and Corollary 5 by taking % to be the
group of operators on L? consisting of multiplication by characters of the circle
group. That conditions (v), (vi), (vii), and (viii) hold is immediate.

The first part of the proof of Theorem 4 is in essence due to Hartman-Wintner
[6]. The first statement of Corollary 6 is usually called the Hartman-Wintner
spectral inclusion theorem [6]. The second statement of Corollary 6 appears in [18].

4. Invertibility and factorization. The purpose of this section is to show that
if A is an invertible operator, then Tp(4) is invertible if and only if 4 can be
factored in a certain canonical way, which in the classical theory is very familiar.
Before we state and prove the factorization theorem, it will be convenient to prove
a simple lemma. :

LEMMA 3. Tp(A) is invertible if and only if A|® has a bounded inverse, and
AR +Q=9, where + indicates a direct sum.
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Proof. Suppose Tp(A) is invertible. Then we know from Theorem 1 that A|B
has a bounded inverse. Now suppose

Ap+q =0, peB,ge.

Then, Tp(4)p=0, which implies p=0, which in turn implies g=0. This shows the
sum is direct. Next, given any fe , there exists a p € B such that Tp(4)p=Pf.
This means there exists a g € Q, such that Ap+g=f. This proves the first half of
the lemma.

For the converse, suppose the conditions of the lemma are satisfied. Then,
PAPR =P, so that Tp(A) is onto. If T-(4)p=0, then Ap € . But the sum of AP
and £ being direct then implies Ap=0, so that p=0, and T(A4) is one-to-one. This
completes the proof of the lemma.

It should be noted that Lemma 3 has as a consequence another proof of the
fact already proved in Corollary 3 that Tp(A) is invertible if and only if T,(A4 1) is
invertible.

We now turn to the main result of this section.

THEOREM 5. Let A be invertible. Then, Tr(A) is invertible if and only if A can be
factored in the form A=A _A ., where A_ and A , are bounded, invertible operators,
A _ takes Q. onto itself, and A , takes B onto itself.

Moreover, if Tp(A) is invertible, then

4.1 [To(A)]* = AT'PAZYB.

Proof. We suppose first that 4 can be factored and prove that Tp(A) is invertible.
Since A4_ is invertible and takes £ onto itself, it follows that 4-! takes £ onto
itself. Thus, To(4-?) is invertible. By Corollary 3, then, Tx(4 .) is invertible. Since
Tp(A,) is invertible and Tp(A4)=Tp(A4_-)Tp(A4.), it follows that Tp(A) is invertible.

Next, we prove (4.1). Let p € B, and define f=A7PA-p. Since 4, is invertible
and takes P onto itself, 43! also takes R onto itself, and f'e B. Therefore,

T(A)f = PAf
= PA_PA='p
= PA_(I-Q)A='p
=p

since A _ takes £ into itself. This proves (4.1).

The hard part of Theorem 5 is the necessity. We note first that there is no loss in
generality in assuming that A has strongly positive real part. For, if Tp(4) is
invertible, Theorem 3 tells us that there is an invertible operator H that takes B
onto itself and such that AH has strongly positive real part. Thus, if we can prove
Theorem 5 for such operators, we shall have a factorization of the form AH=B_B,,
B_ and B, having the properties specified for A_ and A ., respectively. Taking
A_=B_and A, =B,H"!, we then have a factorization of 4 with all the required
properties. We assume therefore that 4 has strongly positive real part.
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When this is the case, the spectrum of A is a compact set in the open right half
of the complex plane. Let y be any Jordan curve in the right-half plane containing
the spectrum of A in its interior. Define two operators by the formulas

1
+1/2 +1/2 -1
(4.2) R f, AE12O = 4)~t d),

where, for the sake of being definite, we specify the branch of A2 so that it is
positive when A is a positive real number. The operators A*/2 are bounded,
A=[AY?]? and 42 is the inverse of A2,

Let = be a set with the same cardinality as the dimension of B, and let x be a set
disjoint from = with the same cardinality as the dimension of £. We denote by
{p, : nen} and by {p, : n € x} orthonormal bases for ¥ and for £, respectively.
Similarly, we denote by {¢, : n € =} and by {i, : n € x} orthonormal bases for the
spaces AY?P and A3 /20, respectively. Define a linear operator ¥ in $ by means
of the formula

Vf = z (fs Yn)on,
nUX
wherever it makes sense. We shall show that V is a bounded, invertible operator
defined on all of $.

To show that V is defined on all of $, we notice that since B is orthogonal to

£, the set {p, : n € 7 U x} is orthonormal. Therefore,

IVFI2 = > 1 ¢l

avx

“3) = S 2+ D 10 )l
< 2|£11%

by Bessel’s inequality, since the sets {§, : nen} and {¢, : n€ x} are separately
orthonormal. (4.3) also shows that V is bounded.

There are several ways to prove that V is invertible. Perhaps the easiest way is
to prove that V, is invertible. We obtain first a formula for V,. For every fand g
in 9, we have

1, 8) = 2, (f, ¥ 8)-

nUX
Since {@, : n €7 U y} is orthonormal,

> (8 ew)l? < oo,

X

and from this it follows that, since {¢, : n € 7} and {¢, : n € x} are orthonormal, the
sums

r= Z (& Pn)dn

nen
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and

s= > (& pln

nex

converge in 9. It follows that

> (& ealn

nUx

converges in § to r+s. Thus, we have

V8 = (f, > (e qon)t/f,.) = (f, Vs2)

nUX

and from this we get

Veg = 2 (& ¢l

nUX

It is clear from this formula that the range of V, is the direct sum AY2P 4 A5 12Q.
The fact that this sum is direct follows from Lemma 3. Indeed, since Tp(A4y) is
invertible, AY%p+ A3 %q=0 with p € B and q € Q implies 4, p+g=0, and Lemma
3 shows that this means p=g=0. The same proof also shows that V, is one-to-one.

Moreover, since 4, B+0=9, it follows that AY2P+ A5120=9, so that the
range of V, is all of §, and V, is invertible.

We now define

A, = VA2,

(44) A_ = A2y -1,

Clearly, A, and A4_ are bounded, invertible operators satisfying A_A4,=4. To
complete the proof of Theorem 5, it remains to show that

A.B =B,
A_Q = Q.
First of all, we notice that since 42% and 4320 are orthogonal, it follows

from the definition of V that 4, B <B. Similarly, since 4-Y20 and AY?*P are
orthogonal, 4-12<9. Now Lemma 3 implies

AVZR L 4120 = 9.
Since the range of V is 9, this means that
A B+AD = V(A2 R+ A7120) = 9.

Consequently, we must have 4, B =% and 420 =90. Since 4_ is invertible, it
follows that A_9Q=9. The proof of Theorem 5 is complete.

Let P, and P, be two, possibly different projections onto subspaces B; and B,
of . An interesting generalization of the general Toeplitz operator is T;,(A4)=
P, A|B,. We say that T,,(A) is invertible if it is one-to-one and maps B, onto B;.



1969] GENERAL WIENER-HOPF OPERATORS 481

Let Q; =1—P;, Q;=1—P,, O, =P}, O, =P3. The following corollary of Theorem
5 has important consequences for unbounded Wiener-Hopf operators.

COROLLARY 7. Let

4.5) dim B; = dim B,, dim O, = dim Q.

Then, T145(A) is invertible if and only if A can be factored in either of the forms
4.6) A=B_B,

4.7 =C._C,,

where B_, B,, C_, C, are invertible operators on 9, B_ maps £, onto O, B,
maps B, onto itself, C_ maps L., onto itself, and C, maps B, onto B,.

If Ty5(A) is invertible, we have
4.8) [T12(A)]"'p =" B3'P;B-'p
4.9) = C;P,CZp.

Proof. We prove (4.6) and (4.8). The proofs of (4.7) and (4.9) are similar. Under
the hypothesis (4.5), there is a unitary operator W such that P, = W,P,W. There-
fore, T15(A) is invertible if and only if Tp,(WA) is invertible. According to Theorem

5, Tp,(WA) is invertible if and only if WA=A4_A,, A_ and A4, are invertible, 4 _
maps 9, onto itself, and 4, maps B, onto itself. Writing

B_ = W*A_, B+ = A+9

we see that (4.6) is equivalent to the invertibility of T;,(4). (4.8) follows from (4.1).

The factorization of Theorem 5 is certainly not unique. It is of some interest,
therefore, to see how much can be said of each of the factors. This is the content
of the next result.

THEOREM 6. If A satisfies the hypotheses of Theorem 5, and if

A=A_A,
= B_B,

are two decompositions of A satisfying the conditions of that theorem, then there
exists a bounded, invertible operator C that is reduced by B, satisfying

B, =CA,, B_=A4.C
If A=0, while A_=(A,)s and B_=(B,)y, then C is unitary.
Proof. We have A_A4,=B_B,, so that Bz'4A_=B, A7*. Consequently,
BZ'4_© = B A7'Q = Q.

But since B, A43! is an invertible operator taking % onto itself, it follows that
(B+A43Y)2=9. Thus, taking C=B, A7'=B-'4 _, we obtain the first part of the
theorem.
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The proof of Theorem 5 shows that if 420, then 4_ can be taken as (4,),.
In that case, we have
CiC = (A31)«(B+)sB . A31
= AZ'B_B,A;*
= A-1AA7?
=1,

and similarly CC, =1, which shows that C is unitary.

5. An inversion formula. The method of proof of Theorem 5 is constructive
and therefore can be used to find an explicit inversion formula for the inverse of
Tp(A). When A 20, an analogous formula was derived in [12]. This formula proved
its worth in [13], where it was used to discuss unbounded positive Wiener-Hopf
operators, and in [14], where it was used to solve certain difficult integral equations.

In this section, we shall always assume the dimension of $ to be countable.
This has as a consequence the fact that an orthonormal basis for any subspace of
$ can be constructed explicitly by means of the Gram-Schmidt process. To avoid
certain notational difficulties, we shall also assume that P and £ are infinite
dimensional. If this is not the case, certain minor modifications in the following
formulas will have to be made.

To begin, we assume that 4 has strongly positive real part. We can then define
square roots by (4.2); we assume that 4}/2 and 452 can be found explicitly. In
that case, orthonormal bases {i,,}{ and {¢,,} =%, for A}/2%P and 4 ~1/2Q, respectively,
can be constructed by choosing sequences {w,}7 and {w,}-1 that are bases in P
and in £ and orthonormalizing {4%?%w,}? and {43 '%w,}-%. We denote by {p,}7
and {@,}-% orthonormal bases for B and for Q, respectively. As in §4, we then
define

5.1) W= 3 (s bodow

Here and in what follows a prime on a sum is used to indicate that the term n=0
is to be omitted.
Equations (4.1) and (4.4) show that in terms of V, we have

(5.2) [To(4)]"p = A~Y2V ~1PYA-12p,

To use this formula, we need an expression for ¥ ~1, which we shall now derive.
Let P, denote projection on the manifold spanned by the set

{fy:—nsk=snk#0}.
For any fe 9, P,f of course has the form

Paf= > 8en(ihe

k=-n
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As is well known, the coefficients 8, ,(f) can be computed by means of the formula

Sen(f) = Bin(f)/ B,

where A, is the Gram determinant’

(‘l‘—m l/’—n) (¢—n+1a ‘/’-n) e (‘/‘m '/’-n)
(‘l‘ ns ‘/’—n+1) (¢—n+19 '/‘—n+1) ('pm ‘/’-n+1)

('/’ ns l)l’n) (‘/’ n+1s ‘/’n) e ('/’m ‘/’n)
and A, ,(f) is obtained from A, by replacing the kth column of A, by ((f; ¥-.),
(fi-ns1)s - .-, (fs ¥n)). It will be convenient also to define a determinant D, ,(f)
obtained from A, by replacing the kth column of A, by ((f, -w), (f, P=n+1)s- - -»
(f; ¥u)), and to set
dk,n(f) = Dk,n(f)/An'

It should be noted that there are many zeros in the determinants A, and Dy ,(f)
since (i, ;) is only different from zero when j=k and when jk<O0. If pe B,
there are even more zeroes in D, ,(p), since then

(¢'—m¢’-n) (‘pk—l,‘l’—n) 0 ('/’k+1a‘/’—n) ('/’m‘l’-n)
(‘/’ m‘/’ n+1) ('/‘k 1,‘/’—n+1) 0 (‘/’k+1a'/’-n+1) (‘/’m‘/’—rwl)

Dy a(p)=|-ntb-) - W@r-1.%-1) 0 (W+nr¥-1) - Gntp-d)

fns 1) o (-1 %) (P> 91) (Pres1o 1) o (s 1)
(‘/’—m ¢n) T (‘»l‘k-l’ ‘ﬁn) (P’ ‘Pn) (¢k+1’ ‘/’n) tee ('/’m ‘/’n)
Let Vf=g. Then, since the set {p, : —00 <n<o0, n#0} is orthonormal, we have
() = (& 9s), —0<n<oo,n##0.
Therefore

= > B

> den@b

k=-n

If (f, $,)=0 for all n, then Vf=0, so that f=0. Therefore,
f= lim P.f,
so that

(5.3) V-ig = lim Z i ().

k=-n

Equations (5.1) and (5.3) can be used in (5.2) to obtain a formula for [T(4)] .
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The result is

64 AN = lim S dea 3 A e A

k=-n

Obviously,

0

I Z (A~p, ),

j=1

is an element of B. Also, when j= 1, (p’, ¢;)=(4"?p, ¢,). Thus, according to the
remark made earlier, the coefficients appearing in (5.4) are simply

@onon) o (e-n,¥-0) 0 @evrsb-n) - P hon)
(‘/’ na¢-n+1) ('l‘k 13‘/’—n+1) 0 (¢k+1ﬂ/’—n+1) (‘/’n, ‘/’—n+1)
1
A_,.(l/' w1 (e-n$o) 0 s p-) o0 W hor)
(‘/J ns l/’1) (‘)l'k 1» ¢1) (A 12 "/‘1) (‘/’k+1a l/’1) (‘/’m ‘/’1)
('/’ ns ‘pn) e (‘l’k 15 l;’n) (A 1z ﬂ/‘n) (‘/’k+1’ ‘l'n) e ('/’n’ ‘/’n)

A formula equivalent to (5.4) can also be written in terms of any orthonormal
basis for AY/2%. If {x,}- , is any such basis, calculations similar to the ones leading
to (5.4) show that an alternative formula is

(5.4 bis) [Te()]'p = lim D 8 (4~ V2p)d 12,
n—so =

If A =0, the formulas (5.4) and (5.4 bis) become particularly simple. When 4=0,
we can take y, =¥, k=1,2,.... Also, it is easy to see that the entire sequence
{ : —0<k<oo} is orthonormal when A4=0. Therefore, an easy calculation
shows that

A, =1,
Sk.n(.f) = Ak,n(f)
= (f, ¥n)-
Therefore,
dien(f) = Die,n(f)
= (f; ‘Pk)a
and
dk,n(_z A 12 ‘/’i)‘Pf) = ’ k < 0,

=(A"Yp, ¢, k>0
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Thus, when 420, (5.4) reduces to
[To(A)]7p = D (473, ) A1,
k=1

which is equivalent to a formula derived earlier in [12].

(5.4) is a formula for the inverse of Tp(A) provided that A4 has strongly positive
real part. It can be considered as supplying a constructive solution of the Wiener-
Hopf equation Tr(A4)p’=p provided that one can compute the operators A*!/2
and 43 Y2 We should like to remark that this is the case whenever 4 has the form

e = | kee=nfo) a,

whatever the projection P may be. Indeed, if we denote Fourier transforms by
addition of the symbol ©, we have

Af)(&) = K~ ().

The condition that 4 have strongly positive real part is then equivalent to the
condition that there exist a § >0 such that

Re [k7(8)] 2 6.
In this case, A2 can be computed from the simple formula

(A*)(E) = (K™ENf ().

A similar remark applies to 4~2 and to A2,

If T5(A) is invertible, but A does not have strongly positive real part, the proof
of Theorem 5 is still constructive and an explicit inversion formula can still in
principle be found, but there may be difficulties in the actual computation of some
of the terms appearing in it. To understand exactly where the difficulty comes about,
we shall derive the inversion formula without the hypothesis that 4 has strongly
positive real part.

The proof of Theorem 5 shows that in this case, the factors A_ and 4, are
computed by finding an operator H such that AH does have strongly positive real
part. This is done by using Theorem 3. Reviewing the proof of Theorem 3, we see
that we must begin by factoring A, as in Lemma 1. This means that we must find
an invertible operator B taking B onto itself such that 44, =B,B. We note that
B can be computed explicitly. Indeed, as before, let {p,}¥ and {p,}-% be ortho-
normal bases for B and £ respectively. Let {w,} and {w,}-% be orthonormal
bases for (A4A4,)Y2B and (44,)~ 20, respectively. Then, we have only to define

59 B = (A4 3 (s anlpn

A simple computation shows that this operator has all the desired properties and,
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of course, it can be computed explicitly if one can compute (44,)*2 explicitly.
Of course, we also have

' ((AA*)llzf; Pn)wn.

[\Y%E

Byf =

8

We now set
(5.6) U= A"'B,

to obtain the formula A,= UB needed in the proof of Theorem 3. According to
the proof of Theorem 3, to find the operator H making 4 H have strongly positive
real part, we must set H=GB, where G is the operator associated with U via
Theorem 2. According to the proof of Theorem 2, however, G=PUP+ QUQ.
Since U is computable, G is, and since G is computable, H is. The final result is
that the operator

5.7 AH = A(PUP+QUQ)B

has strongly positive real part if B is defined by (5.5) and U by (5.6). Moreover,
if we can write AH=C_C,, where C_ and C, are invertible, while C_ takes £
onto itself and C, takes B onto itself, the factors 4 _ and 4, occurring in Theorem
5 can be obtained from the operators C_ and C. by the simple formulas

A_=C_, A, =C,H .

Everything is all right, then, provided only that the operator AH with strongly
positive real part can be factored. As we saw in the beginning of this section, this
factorization can be performed provided that the operators (4H)*'/? and (4H){ /2
can be computed explicitly. It is exactly here that a difficulty arises if 4 does not
have strongly positive real part. For, not only does 4 appear, but also P and Q
appear in the definition (5.7) of AH. If it occurs that one can find the square roots
of AH and (4H),, then indeed an explicit formula for [T(4)]~! can be derived.
But it is hard to see how these square roots can be computed in general.

6. The finite section theorem. The object of this section is to show that it is
possible to obtain an abstract version of the Baxter-Reich ““finite section’ theorem
[1], [11). We also derive a special version of the theorem that makes clear the role
of the various hypotheses used in the general version and which, in addition, is
sometimes easier to apply. Finally, we show how the result relates to Ts(A) and to
(1.10). The method of proof used in Theorem 7 below is based in part on that used
by Devinatz in [4].

As in the rest of the paper, we let P be orthogonal projection onto the subspace
B of §. In addition, in this section we suppose that we have a family {P,} of ortho-
gonal projections defined for each « in a directed set 2/ As usual, we denote the
range of P, by B, and say that {P,} is a P-family of orthogonal projections if
B,=P for all « € & When P=P, we shall later on take o7 to be the positive
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integers and B, to be the subspace of H? consisting of those functions whose
Fourier coefficients vanish on all integers greater than «. In this case, {P,} is clearly
a P-family of orthogonal projections.

Let {P,} be any P-family of orthogonal projections. We define a set B({P,}) of
operators as follows. A bounded linear operator B € B({P,}) if there exists a net
{B, : « € &} of operators B, with the two properties

6.1) B,(B O B,) =B for «large;
6.2) B = lim B, in the operator norm topology.
With this notation, we have

THEOREM 7. Let A be a bounded, invertible operator, and let {P,} be a P-family of
orthogonal projections. Suppose that Tp(A) is invertible and that there exist an
o € o/ and an m>0 such that « 2 oy implies Tq . p (A) is invertible and

I[To+p (DI = m.

Let(®) A~ and Ay belong to B({P,}). Then, there exist an o, 2« and an M >0
such that for all «aZ a,, Tp (A) is invertible and

I[Te (D] = M.
Proof. Let « = «y. For ue B,, we decompose Au in the form
(6.3) Au = k+v+h,

where ke O, ve B,, and he B © PB,. Since Tp(A) is invertible, so is Tp(A4,); by
Corollary 3, then, T,(45?) is also invertible. Consequently, by Theorem 3, there
is a bounded, invertible operator H taking £ onto itself such that

6.4 A*H+H A 2 28], 8> 0.
If we operate on (6.3) by H,A4~! and take the inner product with k, we find
6.5) (Hyu, k) = (HeA 'k, K)+(HyoAd ™0, k) + (Hy A h, k).
Now, k € 9, so that Hk € £ and since u e B, =B,
(Hyuu, k) = (u, Hk) = 0.

Further, if B, € B({P,}), we have (B,h, Hk)=0. Thus

(HyA™h, k) = ((A~*— By)h, Hk).
Consequently, from (6.5) we get
(6.6) |(Hyd ™'k, k)| = M(llo]l+ | A~* = Be] - | ID ] K],
whenever M2 |H,A™*|+||H]|.

(?) If the sets B, are finite-dimensional, we only need assume A~ ! € B({P,}).
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(6.4) shows that
[(Hed "k, k)| = Re (HyA" 'k, k) 2 8||k|2.

Also, by hypothesis, for every ¢>0, there exists an «; =«, such that for every
a2 a, there is a B, € B({P,}) for which M||4-*—B,| 8. Using these facts in
(6.6), we find that there is a constant M >0 such that for every >0 there exists an
o, = o with the property that whenever « = «o;,

(6.7) [kl = Mlo] +e]A].

Next, we make use of the assumption that for a2 ao, Tq.p (4) is uniformly
invertible. From Corollary 3, it follows that Tp_p (4 ~?) is invertible, and indeed
there is an m’ >0 such that for every a= o,

|Tp-p(47 D] = m'.

Consequently, Theorem 3 and Corollary 4 show that there exists an >0 such
that for every « 2 «, there exists a bounded, invertible operator H* taking § © B,
onto itself and such that

(6.8) H{A '+ Az*H® = 2ql.
We operate on (6.3) by H:4~! and take the inner product with 4 to get
6.9) (Hgu, h) = (HgA *k, h)+(HEA v, h)+(HEA'h, h).

Since H®he R © B, and u € R, it follows that (Hiu, h)=0. Further, from (6.8),
we find that |(HgA ~h, h)| 27| k|2 Using these facts in (6.9), we arrive at the fact
that there exists an M >0 so large that

(6.10) ikl = Mk +]o]).

Taking e small enough in (6.7) and using (6.7) in (6.10), we find there is an
M >0 so large that

(6.11) Ial = Mio].

Finally, using (6.7) and (6.11) in (6.3) and noting that 4~* is bounded, we see that
there exist an M >0 and an «, € & such that a2, implies

(6.12) lul = M| T (4)u].

This shows that T (4) is one-to-one with a closed range.

If the space B, is finite-dimensional, (6.12) shows that Ty (4) is invertible.
Otherwise, Tp(4) and Ty, p(A) invertible imply that Tx(44) and To., p (44) are
invertible. Consequently, we get the inequality (6.12) for T (A4)=[Tp (4)]s.
Thus, in any case, Tp (4) is invertible.

We shall now specialize Theorem 7 to obtain a result whose hypotheses are
easier to verify and which includes a number of interesting applications. The
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theorem below contains the Baxter-Reich finite section theorem for the circle
group as well as a corresponding version for the real line.

As before, we let &7 be a directed set, but now we suppose that we have a set
& ={S*: e« e} of unitary operators each of which leaves P invariant and
commutes with 4. Let us set

B, = B O(S*B).

We suppose that % has the property B,< B, if «<f8. Let B, be the weak closure
of the linear manifold generated by the set {4,S% : B e &/} U {4,S% : B<a} where
A;B = PB. We suppose there are nets {B,, : B, € B,, € &}and {C, : C, € By, a € A}
so that in the operator norm topology,

A~ = lim B,
and(®)
Az = lim C,.

Any triple (4, &, B) that satisfies the above conditions will be called a special
finite section system.

THEOREM 8. If (A, &, B) is a special finite section system, and if To(A) and Ty(A)
are invertible, then there exist an o, € &/ and an M >0 such that « 2 «, implies Tp (A4)
is invertible and

ITe (D] = M.

Proof. Since T,(A) is invertible it follows that T-(4~?) is invertible. Thus there
exists a >0 so that

sup{[(A~"p, @)l : peB,qe; |p| = [gq] =1} = 1-8.
Since, for every « € &, S® is unitary and commutes with A4, it follows that
sup {|(472S°p, S°q)| : pe B, qeQ; pll = g = 13 = 1-38.

Since S* commutes with A4 it also commutes with 4, (Fuglede’s theorem), and
thus we get the same facts for 45*. From Theorem 1 it follows that for every
o € &/ the operators Tp_p (A1) are invertible, and the inverses have a uniform
bound. Consequently for every a € 7, T, , p (A4) is invertible and the inverses have
a uniform bound. Thus one of the hypotheses of Theorem 7 is satisfied.

Before we proceed to prove the other hypothesis needed in Theorem 7 is valid,
we remark that what has just been proved can also be obtained directly from
Theorem 3. Indeed, since T5(4~?) is invertible there is an invertible operator H
taking B onto itself and a 6>0 so that

A-'H+H, Az = 8L

(®) If the sets &, are finite dimensional, this conditicn on 451! is not required.



490 ALLEN DEVINATZ AND MARVIN SHINBROT [November

Now, for every « € &, H*=S*HS% is invertible and takes f © B, onto itself.
Since S* commutes with 4%, we get

SHA-H+ HyAz)SE = (A~ H*+ Hid;Y) = 8.

Thus, Theorem 3 and Corollary 4 tell us that Tp_p (4 1) is invertible for every o
and that its inverse has a bound independent of «. Consequently, the same is true
of the operator Tq . p (4).
To show that the other hypothesis of Theorem 7 is satisfied we first remark that
if B< e, then
SEB OB = SLPBOBy) =B,

since S# is unitary. Also,

SHBOP) =B

for every B e <, and it follows that each operator in B, takes ® O B, into PB.
Since 4~ and A! are limits of nets in B, it follows that all of the hypotheses of
Theorem 7 are satisfied. Thus, Theorem 8 is established.

We wish to apply Theorem 8§ to certain Toeplitz operators on H?2 spaces. To do
so, we introduce some terminology. We let $ be a separable Hilbert space, L%()
the space of (equivalence classes of) $-valued, weakly measurable functions on the
circle group which are square summable, H%($) the subspace of L%($) consisting
of those elements whose Fourier coefficients vanish on the negative integers, and
K2%($) the subspace of L%(D) consisting of the elements whose Fourier coefficients
vanish on the positive integers. If B is the set of bounded operators on , then
we can form the spaces L%(8) and HZ(®B) in a manner similar to the formation of
the spaces L%(9) and H?(9). Also, we define H*(B) as the subspace of H?(B)
consisting of essentially bounded elements.

If A(6) is a weakly measurable, essentially bounded, B-valued function on the
circle group, we define an operator 4 on L%(9) by the formula

(Af)(6) = A(6)/(0),
and two Toeplitz operators by
T*(4) = PTA|H*(9),
T~(4) = P~A|K*9),
where P* is the projection of L%(9) onto H?(), and P~ is the projection of
L*(9) onto K%(9). We have changed the notation from P to P* for the sake of
symmetry.

For every nonnegative integer n, let B, be the set of all $-valued trigonometric
polynomials of the form

n
Z e*ox,, X € 9.
k=0
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If P, is the projection onto B,, then we define
Tn+(A) = PnT+(A)|§Bn

Denote by C+ H *® the closure in L*(8B) of those elements whose Fourier coeffi-
cients vanish on all but a finite number of negative integers. (The reason for the
notation is that if $ is one-dimensional, it was shown in [8] that C+ H* is the
vector sum of H*($) and the continuous functions C.)

COROLLARY 8. Suppose A(0) is a weakly measurable, essentially bounded, B-valued
Sfunction on the circle group, invertible a.e., and whose inverse, A=(), is an element
of C+H®™. A necessary and sufficient condition that T*(A) and T ~(A) be invertible
is that there exist an ny and an M >0 so that for all n=n,, T, (A) is invertible and
T (D]~ =M.

Proof. Define a unitary operator S on L3(H) by
Sg(6) = €“%g(0),

and take & ={S™" : n20}. From the hypotheses it follows that (4, &, H3(9)) is a
special finite section system except that we have made no assumption about
Az 1(6). However, the proofs of Theorems 7 and 8 show that there exists an M >0
so that for all sufficiently large », and for every fe B,

(6.13) I = MIT (S

If we work with the space K%(9) and A4,(6) it follows by the same proofs as used in
Theorems 7 and 8 and the hypothesis on 4 ~1(8) that there exists an M >0 so that
for all sufficiently large n and for every fe€ K2(9) we have

(6.14) 171 = M|T7 (40f].

Now for every nonnegative integer n and every B € B, a straightforward calcula-
tion shows that S} takes HX($) onto K2(9) and for every g € H3(9) we have

(6.15) S"T7 (B)Sxg = T (B)g.

In particular if we use A, for B in (6.15), then from (6.14) it follows that an in-
equality such as (6.13) is true when 4 is replaced by 4,. This proves the necessity.

To prove the sufficiency, we suppose that there exists an M >0 so that for all
sufficiently large n, T, (4) is invertible and | [7,f(4)]~*| < M. This means that for
f€B, and for every m=n,

I£1 = M|T: (4.

By letting m — oo we see this inequality persists for T*(A4). Since P, — I as n — 0,
it follows that T'*(A4) is one-to-one with a closed range. Now, [T, (4)]x=T; (44)
and thus for all sufficiently large n, T,(A4,) is invertible and |[7;(44)] 7}
= [T (4)]"*| = M. Using the same argument as above it follows that T'*(4,,) is
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one-to-one with a closed range. Since the range of T *(A) is the orthogonal com-
plement of the nullspace of T'*(A4,), we see that the range of T'*(4) is all of H%(9).
Thus T *(A4) is invertible.

To complete the proof of sufficiency it remains to establish that T~ (4) is
invertible. However, by using (6.3) with B replaced by A4 and then A,, it follows
by the same argument as above that T~ (A4) is invertible. The proof is complete.

If  is one-dimensional, then T *(A4) being invertible implies 7'~ (A) is invertible.
Indeed, there exists a bounded function H in H* so that 1/H is in H® and
AH+ Hy A, = 6. But A and H being complex valued means they are permutable so
that HA+ A,H,=3. Also, Hy is in K*®, so that T ~(A4,) is invertible. Thus, 7T~ (4)
is invertible. Whether or not this result persists when the dimension of $ is greater
than 1 is not known.

As another special case we consider the question of a finite section theorem
when the spaces are defined on the real line instead of the circle group. In this case,
L%(9) is the Lebesgue space of (equivalence classes of) square integrable $-valued
functions defined on the real line, H2(9) is the subspace consisting of those elements
whose Fourier transforms vanish on the negative real numbers, and K2(9) is the
subspace consisting of those functions whose Fourier transforms vanish on the
positive real numbers. In a similar manner as for the circle group we may define
the spaces L%(B), H%(B) and H*(B). Also, if A(x) is an essentially bounded,
weakly measurable, B-valued function defined on the real line, it is clear how to
define the operators T*(4) and T ~(A4).

Let r be a positive real number, B, the subspace of H2($) consisting of those
elements whose Fourier transforms vanish outside of the interval [0, 7], and P, the
projection onto B,. We define

Tr+(A) = PrT+(A)|§’Br-

The next result can be proved by using the Cayley transform as indicated in §1.
However, we give a proof based directly on Theorem 8.

COROLLARY 9. Suppose A(x) is a bounded B-valued function defined on the real
line whose inverse, A~*(x), is a bounded uniformly continuous (in the operator norm
of B) function. A necessary and sufficient condition that T * (A) and T ~(A) be invertible
is that there exist an ry =0 and an M >0 so that for all r=r,, T;*(A) is invertible
and [T (]| = M.

Proof. For every e L*($) and for every real ¢, we define

SY(x) = e*f(x),

and ¥ ={S*: t=0}. Clearly, S&=S "% and B,=H%H) © STH*9) for r>0.
Now, since A~ is bounded and uniformly continuous the same is true for 4.

Consequently, using the B-valued version of the Fejer approximation theorem for

the real line, we find that there are nets of operators {B, : r=0} and {C, : r=0},
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each operator B, and C, being in the weak closure of the linear manifold generated
by the set {B,S*: —r=t=<r}, where B, is to be identified with an element of B,
and so that

A™' = lim B,
Azt = lim C,

77— 0

where the convergence is in the operator norm. Thus we see that (4, %, H%(9))
is a special finite section system. The necessity now follows from Theorem 8.

The sufficiency is proved in exactly the same manner as the sufficiency of
Corollary 8.

Finally, we should like to remark that the proof of Corollary 8 can also be
obtained using the Pousson-Rabindranathan results mentioned in §1. Using the
notation introduced just before Corollary 7, these authors prove first of all that
T*(A) is invertible if and only if a.e. A(8)=U(6)B(6), where B(6) and B(6)~* are
in H*(%®B) and U(0) is a unitary valued operator function which satisfies |U— G|,
<1, where G(6) and G(6)~* are operator-valued functions in H*(8), |[U-G|
=ess sup |U(6)—G(6)|, and |- | is the operator norm in B.

Except for the considerable complications caused by working on an infinite-
dimensional space, the method used by Rabindranathan is the same as that of
Pousson. Both authors first dualize an extremum problem as in the paper by Helson
and Szegd [7] and then get the result mentioned from this. This is essentially the
same program as carried out in [3] for numerical valued functions.

Using the same technique which we used in the proof of Theorem 3 we can push
their result a little further to obtain the following.

If A(0) is a weakly measurable, essentially bounded B-valued function, then T *(A)
is invertible if and only if there exists an invertible element H € H*(B) and a §>0
so that a.e.

A(O)H(0)+ H(6)+A(6)x 2 SI,

where I is the identity on 9.

Of course, we can get a similar result for 7'~ (4).

To see how this can be used to get the proof of Corollary 8, we simply notice
that H acting as an operator on H%(9) takes H%(9) © B, onto itself, so that by
Theorem 3 it follows that Tp+ _p (4 ~7) is invertible and the inverses have a uniform
bound. The proof then proceeds as before. The reason that a set of unitary operators
does not seem to enter into this proof is that the relevant set of unitary operators
for Theorem 7 is the set of operators obtained by multiplication by characters of
the circle group, which permute with H. Thus if S is the operator obtained by
multiplication by exp (if), we have S"HS% =H.
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